Notes on Stochastic Block Models
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As a reminder, we are fitting a model where the probability of the presence of edge i j between nodes ¢ and
j in a network is based on class membership of i in class ¢ and j in class r:
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The parameters to estimate are 6, for every pair of classes ¢ and . We will discuss two methods to estimate
these parameters (a) maximizing likelihood using variational EM (https://arxiv.org/pdf/1011.1813.pdf)
and (b) sampling using MCMC (https://arxiv.org/pdf/1310.4378.pdf).

Both cases are based on rewriting the model above in terms of latent (unobserved) class assignment
variables. For instance, z;, = 1 if vertex ¢ is assigned to class ¢ and 0 otherwise. The number of classes @
is assumed given. With that we can write the likelihood of a set of parameters 6§ = {6, } given observed
adjacency matrix y and assignments z as
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with b(yi;;04r) = yijlog by + (1 — y;5) log (1 — 6,,-). Values o are prior (do not depend on specific nodes)
probabilities of assignment to class g. We will estimate these as well.

In EM we maximize this likelihood iteratively plugging in E[z;4|y, 0, o] = P(ziq = 1|y, 0, o), in MCMC we
sample assignments z;, from P(z;, = 1|y, 0, @).
Variational EM

The standard EM

The usual EM algorithm takes the following steps:

1. Initialize parameters 6, «

2. Repeat until convergence:

a. E-step: Compute v, = E[z4|y, 0, o] = P(zig = 1|y, 0, a)

b. M-step: Estimate 6, « by maximizing £(6, «; y, ).

The solution to the M-step has a closed form:
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with n the number of nodes in the graph.
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The E-step presents an issue. To compute P(z;; = 1|y, 8, o) we would employ Bayes’ rule:

P(Y - y|ziq = 1,9,0&)
P(Y =yl|zig =1,0,0) + P(Y = y|zig = 0,0, 0)

P(qu = 1|y,9,0&)) =

However, the probability model P(Y = y|z;, = 1,0, o) induces a dependence between settings of z. This
means that in order to perform the E-step we need to reason about the joint distribution P(z|y, 8, @) which
leads to an inefficient algorithm. Here is where the variational trick comes in.

The variational trick
We introduce new parameters 7;, to define a probability distribution Ry (z|7) = [[, h(2i,7) with h a
Multinomial distribution over classes with parameters 7, = [r;1, ..., 7;¢] used to approximate P(z|y, 6, «).

Iterations are now to find estimates 7 to those that make Ry (z|7) best approximate P(z|y, 0, «) and then
estimate 6 and « as before, but now using parameters 7.

Finding the optimal 7 does not have a closed-form, but you can show that the optimal 7 satisfy this
fixed-point relation
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Based on this observation, the E-step is replaced by iterating over the fixed point relation until convergence
to obtain 7.

The M-step estimates are obtained by the same equations as above, replacing v;, with 7;,.

Checking convergence

Convergence can be determined by checking convergence of £(0, «; y, Z) where Z is the prediction of z
given by the current model. In Variational EM this would be given by the highest probability assignment
determined by 7.

Selecting the number of classes

To select the number of classes ), you can use the ICL criterion by selecting the value ) that maximizes

QQ+1)

- 1
g(eva,yaz)_Q{ 9

log [n(n — 1)] — (Q — 1) log (n)}

where £(0, «; y, Z) is the value of L(0, «; y, Z) after convergence.



MCMC

In MCMC, instead of maximizing likelihood we sample from the probability model we have just defined,
and derive estimates empirically from the samples we obtain. We operate on an equivalent formulation of
the problem.

First, we ignore prior probabilities «,,. Second, we note that the probability of graphs is strictly determined
by edge counts eq, = >, ziqz;r and ng =, z;4. These two points lead to the observation that P(Y|z) =

1/6({eqr}, {nq}) with S({eg,}, {n,}) = log ©({eq, . {n,}) given by

S({en. (m)) = ;Zn”H (i)
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with H,(x) = —zlogz — (1 — ) log(1 — z). This suggests that instead of maximizing £ as we did before, we
get our model from minimizing S (this is the entropy of the same distribution btw). We will use sampling
in such a way that samples are accepted so they improve S.

The sampling procedure

The general algorithm is as follows (with parameters ¢ > 0 and 8 > 0):
First, randomly sample assignment ¢ for each node i.
Then iterate K times (after enough iterations to mix):
a. For each node i move assignment ¢ to r as follows:
(a.i) randomly select neighbor j of i and denote the current assignment of j as ¢

(a.ii) choose r uniformly at random (from 1, .. ., Q), accept with probability R; = ¢Q/(e; + €Q), with e; the
total number of edges involving nodes in class ¢

(a.iii) if r is rejected, choose any edge u ~ v with node « in class ¢, and set r to the class of node v

b. Decide if you accept move ¢ — r as follows

(b.i) compute x, ., = ", pip(q — r|t) where pj is the fraction of neighbors of node i in class ¢ and
ey + €
t) = =(1- r
plg = rlt) o 10 (1= Re)ewr/er + Re/Q

with R; as before with values e, and e, computed after the move

(b.ii) compute v ,, = >, pip(r — q|t) with values e, and e, computed before the move

(b.iii) compute &; ,, = S({epe™}, {nsV}) — S({eg?}, {n2'!}) where €™ and n}°" are computed after the
move and ¢! and n9'¢ are computed before the move. Notice that only terms involving the classes for i

and its neighbors change so computing § involves only computing the difference for those terms

(b.iv) accept moving node i from ¢ — r with probability
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Deriving estimates

We can derive estimates for 6, and v, from our samples as follows:

* After each iteration k over the nodes of the graph, we can estimate 9%, = ¢l /(n%n}) where ¢* and

n* are calculated after all nodes have been (potentially) moved. To get an estimate of 04 we use the
average of the 4.

* Likewise, after each iteration k we produce an assignment for node i. We set -y;, to be the proportion
of the K iterations in which node i was assigned to class q.

Model selection

Like Variational EM we can use the ICL criterion to determine the number of classes Q. In that case we use
the sampling estimates to compute £(6; y, 2)
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